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(%] Methods of solving the [LE. at a glance

Gmgm!formoffheD.E M(x, y)dx+N(x, y)dy =0

Form of the D.E Method of solving / solution

I ' Variables separable form

. - (Recapitulation} o
1 flx)glyydx Divide by g (v ) F ( x) and integrate.

‘ +F(x)G(y)dy=0 _ .

dy Put ax+by+c = ¢
2. | x = flax+by+c)
3. Qy _ _(ax+by)+c Put ax+by =t

: dr k(ax+by)+¢

II ; I‘!_t_)_l_r_t_l_n_ggr_leous forfn

fM(x,y)andN(x,;u.):.ire o , | dy R M(x.yz
1.: = -
" homogeneous functions of the | Write the D.E in the form dx = N{x V) and

same degree with or without the . .4
involvement of terms with { y/x) i

. functi t
If homogeneous ons are Write dx . N(x, y)
i

Yy =ovx

involved with x/y : dy M(x, y)
o , and putx = vy
5 @y _ _ax+by+c a b  Putx = X+h, ¥y = Y+k With proper choice of i
odx ax+by+c a"tb' . and k the D.E reduces to a homogeneous D.E in X

“and Y. Put Y = VX and solve.
111 ) Exact torm [

L ﬂ:"—!\i must be satisfied. ‘ Jde+ jN(y}dy=r:‘
_ dy dx ‘ is the solution.
5 When %ﬁ #%fi.f_ then ‘ Mutltiply the D.E with LF to make it exact.
¥ i
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1 [aM aN] ()le‘lm)"?isthel.F
w5 -5 =8|

M| oy T oox ‘
) yi(xy)dx+xg(xy)dy =0| 1 . )
_ _ - _ !Mx_—NylsmEI'F
- \e} ot ana Nonvoving terms | 474 g the LF where @ and b are found such that
oftheformx’yb M N

‘dy  ox
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| 3. | Identifying the standard exact T
i Flifferenﬁals and putting the DE | ¢ f (x, y) +o,f,(x, y)+--- =¢
! in the form ¢, d [f,(x ¥)] is the solution on integration ;
to,d [f(x y)yl+ - =0
r B s b o - _ ,:
I_r__Tl___.________ R Solution: ——— .
i Py =10 where P and Q iyejpdxz IQeiP'fxdx+c |
. are functions of x. ; I
e e . ' Solution: e
@+Px = (Q where P and () arei celPdy _ IQeIdedy+c
. functions of y. :
f (y)dx )P =Q Putf(y) =t and differentiate w.r.t x.
where P=P({x) and Q=0 (x) :
i o a SRR _
f (x)E§+f(x}P =Q ; Putf(x) =t and differentiate w.r.t y.
" where P=P (1) and Q=Q ()

I
n

S Ay oy Divideby " and put 1" -
Y L py = . Divideby y" and put y
: ax Y Qy " and diff. wrtx.

* where P=P(x) and Q=0Q() '
6 fi_f+px=Qx" Divid_ebyx"andput Xt =t |
dy and differentiate w.r.t y. i

i where P=P(y) and Q=Q) .5 |

[6.6] Type recognition - A retrospect

After having discussed several methods for solving a D.E an important aspect is “type
recognition’. We have seen that a number of problems can be solved by more than one
method. The reader should carefully take a note of several remarks made while
discussing various types, recognize the type and think of easier options if any before
solving the problem in a particular method.

A mixed set of problems are drawn from various examination papers and are just
analysed for spotting the befitting method. It is left as an exercise for the reader to
complete the problems that are not worked.

ANALYSIS OF PROBLEMS
Solve the following differential equations

1. '@f ¥ = sin{‘l’iJ ]
dx X :

>> Observe the (y/x ) terms. The D.E is homogeneous.
Put y = vx and solve. [Worked Problem - 8]
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dy o Te =3 Y
2 PG
2 PYTE A
>>  Observe that there is no common factor in the x, ¥ terms.

Hence it is reducible to the homogeneous form. But before doing in this method check
for exactness.

(7x-3y-7)ydx—(7y~3x+7)dy = 0
M ON

=— = -3, - =3 The equation is not exact.
oy ox 9

Soitis inevitable to solve by using x = X +#, ¥=Y+k [Worked Problem - 20]

3 il +_1;"' Pl + (land Py Vb = )
Observe that M is a function of yonlyand N contains x

o : o dx
Hence the equation is linear in x . Write it in respectof —— and solve.

dy

TR T RY
4. N PR I cidy =0

F

>> Observe (x/y ) factors and that M and N are homogeneous functions of degree

d
0. The equation must be written in respect of E; .

Solve by putting x = wy. Incxdently this is also an exact equahon
5. (x +tany ) dy = sin2yda

Similar explanation as in Example - 3. The equation is linear in x.
[Worked Problem - 68)

6. (5’2+.'7‘+I)d}f~ydx:{}
>> Sameexplanation as of problem-3.

ﬁ.‘[

dx +Y+x dx

X
dy y dy y y
dx x )
ie., —_— - == +1) islinearin x.
By =D

Aliter : The equation is neither separable nor homogeneous.
Let us try for exactness.
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M=-y N= (y2+y+1)

M =-1, N = 1. The equation is not exact.
dy dx
Let us continue further.
M _N _ _, o L(M_aN)y_-2_2_
y " ax My ") sy Ty 8Y
2
-Jandy = fa _ -2y _ 12 joanIE
Multiplying by 1/ ¥ we can solve as an exact equation.
7. . vtan{yx -y s TR -:.-h- F v see o pdy =0

>>  Instantly one should recognize it to be a homogeneous equation as we have

(y/x) terms homogeneous of degree 1. Write the equation in respect of dy and

dx
solve by putting v = vx. [Worked Problem - IO]
8. Wy - vy = f_l: : :,'-'E_:I' i
>>  Each of the terms are homogen. uus function of degree 1.
This can be solved by putting y = vx. [Similar Worked Problem - 6)

3

dif
9. turie =4 tana - cosveesT

_»>> This is looking like a linear equation in y. We should get rid off cos y in RH.S.

d
Dividing by cos y we get secy tany -&‘E + secy tanx = cos” x
Put sec ¥ = ¢, the equation reduces to a linear equation in .

[Warked Problem - 73]

:flf "_‘-, R TN !1
di 3 oa e A

No common factor in x, y terms and hence it is reducible to the homogeneous form.
But before doing so, try for exaciness.

(Zx-y+1)dx—(x+2y—-3)dy =0
M=2x-y+1 and N = -x-2y+3
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oM oN
-a? =-1 and 5; = ~1.The equation is exact and we can write the solution

instantly.
Ide+ jN(y)dy'——c ie., xzhxy+x—y2+3y:c‘

Remark : The thought exhibited in this Example and the gain in completing the problem

easily be carefully noted.

. oy o i o
il [ O A L R I O
T

>>  Cleariy in the standard form of a linear equation in y.

Dividing by (1 + $? ) we have,
dy 2 6x°
dx 142 1+x°

This can be solved by assuming the solution for-the linear equation.

Ay

12. Toewtany = yT oseca

>> Clearly in the form which can be reduced to a linear equation. (Bernowlli’s
form). Divide by yz and put 1/y = t.

13, (202% Ny wadv b {xT oy 2y vy o 8

>> Separation of variables and homogeneous typescanbe ruled out atonce.So, try
exact.

ETNPIRER PYSRYORY

3—1\{* = 2x% Vi +2  The equation is exact.

x

We can solve the exact equation easily. [Worked Problem - 36}
4. T N T

de_xt2p odx_x

5=y T & Y
>> This is a linear equation in x in the standard form which can be solved by
assuming the solution for the linear equation,
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15, xsin{y/x)dy = [ysin{(y/x)—x]dx
>> At once this can be recognized as a homogeneous equation.

We can solve by putting y = vx.

>> ltappears like a linear equation in y. So we have to get rid off y in the RH.S.
Dividing by y we get,
dy

1__+ll —-..l_
ydx ¥ 98T 32

This canbe solved by puttinglog y = ¢.

17, \:;? PRI Sdx i ’3.3';;6"'-": .3_:3‘;' Jdw -
>> By ruling out the first two methods instantly we have to try for exactness.
Infact this is an exact equanon [Worked Problem - 34]
f o
18. £ (¥ w sapy =1
dx’ :

>>  We have to write the equation in the form

G A ey o P =y

We have to divide by x* and later put 1/x = ¢. [Worked Problem - 80)

19. 2Oy

>> This appears like a linear equation but we cannot put it in the proper form either
dividing by x or by . So let us simplify the problem.

R S xyﬁ

dx ~ Y7y dx

This is a homogeneous equation and can be solved by puttingy = vx
[Worked Problem - 7]
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dy I

2 - H
i1 NESE

>>  Atonce we can recognize it to be a homogeneous equation and it can be
solved by putting y = ox.

>>  Wecaneasily rule out the first two methods and hence try for exactness. Infact
thisis anexactequation.

el TR S VI ¥ B S R S A I AP

>> Itcanbeeasily recognized as a homogeneous equation. But we can attempt for
checking the exactness. Infact this is an exact equation also,
We can easily write the solution of the exact equation.

[Worked Problem 3 & 26 in both the methods)

1
23. X :1,{{ ty = _L.fz log x

>>  Itis appearing in the form of a linear equation and we have to divide by y2 as
well as by x.

We divide by x 7 to obtain the equation in the form
Y dy 1  logx

y2dx+;§ x

Put* 1/y = t to obtain a linear equationin t.

24. CLCOS X d sy s ppdy o sina = voos wea s duoow

>>  Atonce we can venture to try for exactness. Infact the equation is exact.
[Worked Problem - 31]

25, (g - 2vy a7 Juoo 0
>>  Itcan be recognized as a homogeneous equation at once. But it is not an exact
equation. So we have to solve by putting y = ox.
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26. {2y - 1y ! by 4 wdy - 0
>> This is linear in x and we put it in the form

dx 10y -2x dx 2x
or = 10
dy oy EV y

We can solve by using the associated standard solution.

27. (y—x+iyde—gwtas i v
>> Observe that there is no common 1... or in the x, ¥ terms. So we can solve by

reducing it to the homogeneous form by using the substitutionx = X + h and
y = Y +k. This is inevitable as the equation is not exact.

28, ysin2xde—¢ 1oy +voy xpdu =l

At once we can rule out the first two methods and try for exactness. Infact the
equation is exact.

29. xS Ty b dy

It can be easily recognized as a homogeneous equation and is not an exact one.
Hence we have to solve by putting y = vx.

a0, vdy = adeor log g dy e
We need to simplify the problem first  ie., (x+logy)dy =y dx

dx x+logg or Q_A_'_£=logg
dy ~ y dy y y

This is a linear equation in x which can be solved by using the solution for the linear
eguation.



